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Abstract. It is shown in this paper that the Jacob's ladder is the asymp- 
totic solution to the new nonlinear integral equations which correspond to the 
functions Ju (x) and | £ + it ) | 4 . 



1. The first result: the nonlinear integral equation connected with 

the bessel's functions 

1.1. In this paper we obtain some new properties of the signal 

that is generated by the Riemann zeta-function, where 

^) = -^ln 7 r + Imlnr(i + ^)=llni--^-J + cO( 7 ). 



Let us remind that 



where 

z 2 {t) |C(£+«)| 



(L1) Z {t) 2%[<p(t)] {1 + G(^)}lnt 

(see [J, (3.9); 0, (1.3); [7], (1.1), (3.1), (3.2)), and <p(t) is the Jacob's ladder, i.e. 
a solution of the nonlinear integral equation (see [T]) 

rnl*(T)] 2 pT 

I Z 2 (t)e~— t dt= / Z 2 (t)dt. 

Jo Jo 

1.2. The Gram's sequence {£„} is defined by the equation 

d(t v ) = nv, v= 1,2,... 

where (see [20], p. 102) 

, , 2tt 27rln27r / 1 

1-2 t v+1 -t v = — + — -g +Of_ g _ 

lni„ ln 2 t„ Vln 3 ^ 
The following theorem holds true. 



ifey words and phrases. Riemann zeta-function. 
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Theorem 1. Every Jacob's ladder <pi(t) = ^ip(t) where ip(t) is the exact solution 
to the nonlinear integral equation 



MKT)] 



Z 2 (t)e~~ t dt 



Z 2 {t)dt 



(1.3) 



(1.4) 



At 



2V27T / 7T 



is the asymptotic solution of the following nonlinear integral equation 
J x [x{t)\ 

for every sufficiently big t v that fulfils the conditions 
[U,tu+l] C [^\^nll], 

[tv,t v +i] n [kir - e, krr + e] = 0, u, k G N, v -> oo 
where Ji(/J,n) — 0, n — 1,2, ... , i.e. the following asymptotic formula 



(1.5) 



dt 



2V2vr 



sin I t v — 



holds true. 
Remark 1. Since 

(1.6) - y$ ~ ^ n-^oo 

then the number N v ^ n of the intervals [t v , i„+i], for which the first condition in ()1.4p 
is fulfilled, is given by the asymptotic formula 

N^ n — i hlty, t v -> OO, 

(m, «• 

This paper is a continuation of the series Q] - [19] . 
2. The second result: some nonlinear integral equation connected 

WITH THE FUNCTION \( (| + it) | 4 

Let us remind that the Jacob's ladder f2{T) of the second order is a solution to 
the nonlinear integral equation 



H\x(T)] 



Z 4 (t)e~~dt = / Z A {t)dt 



(2.1) 



(see [8]). In this case the following asymptotic formula (see [SJ, (1.5)) 



(2.2) 



holds true. 



cQ+«)) 



t[- 2 + it 



V -\T+U) 

-^U\n s T, U = T 13 / 14+2£ , T^oo 

4-7T 4 



di 



Remark 2. The small improvements of the exponent y| that are of the type — 



14 



-> . . . are irrelevant in this question. 
Next, similarly to the Theorem 1, the following theorem holds true. 
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Theorem 2. Every Jacob's ladder of the second order tp%(t) } i.e. the (exact) so- 
lution to the nonlinear integral equation h2.1\) is the asymptotic solution of the 
nonlinear integral equation 



x~ 1 {T+U) 



(2.3) 

(comp. (TO))). 



C (5 +**(*)) 



dt = — UhfT, T — > 00, 
47T 4 



Remark 3. There are the fixed-point methods and other methods of the functional 
analysis used to study the nonlinear equations. What can be obtained by using 
these methods in the case of the nonlinear integral equations (jl.3p . (|2.3|) ? 

3. Proof of the Theorem 1 

3.1. Let us remind that the following lemma holds true (see [BJ, (2.5); [7], (3.3)): 
for every integrable function (in the Lebesgue sense) /(&), x € [<pi(T), <pi(T + U)\ 
we have 

(3.1) / f[< Pl (t)]Z 2 (t)dt = f(x)dx, UE 0,— 

where 

t- Vl (t)~(l-c)7T(t), 

c is the Euler's constant and 7r(t) is the prime-counting function. In the case 
f = ^(T), T + U = (fii\T + U) we obtain from (H) 

(3.2) 

3.2. By the simple formula 

/ Ji(x)dx = 1 - J (a), 
Jo 

known from the theory of the Bessel's functions, we obtain 



<p~ 1 (T+U) i-T+U 

f[tpi(t)]Z 2 (t)dt= / f(x)dx. 
V -\T) Jt 



(3.3) 



Ji{x)dx = Jo(t u ) - Jo(Wi)- 



Hence, from (|3 . 3[) by (|3.2[) the formula 
(3.4) T 1 U+l) J 1 [< Pl (t)]Z 2 (t)dt = J (t„)- Jo(Wi) 

is obtained. 

3.3. It is also well-know that 



(3.5) 



J v {x) 



2 ( 
— cos I a 

TTX '• 



7T 7T\ ,~ ( 1 
"2 - 4J 



(the asymptotic formula for J v (x)). Since, by the Titchmarsh' formula (|1.2p 

1 1 . „ ( 1 

y/t v +i y/tl 
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(3.6) 



tj in t„ 
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it follows (see (EH, (EH)) that 

Jo{tu) — Jo(tv+l) = 

(3.7) 



JI- {cos {t v - I) - cos (t v+1 -J)}+0 (J^j 



Next, (see (fl~2]) ) 

cos (i„ — — ^ — cos ^ty 

(3.8) 



2 sm sm 



2 

2 sm cos - —J + sxn(t u+ i - i„) sm \ t u - — 



.,__) =2 sin 

2 + C " 4, ,_ 



i„ . / t v +\ + t v TT 



2tt 
lni„ 



sin ti/ - t + O 



1 



In 2 t t 



Hence, from (13.4[) by (|3.7p . (|3.8p the asymptotic formula 

rvr'c^+i) 



(3.9) 



t v In t. 



sin (t„ - I) 



O 



follows if the second condition in (|1.4p is fulfilled. Then from (13.91) by the mean- 
value theorem (see (|1.1[) . (|1.4p and (3.3)) we obtain 



Vi (*^+i) 



2v/27r 



sin [t v - - )+0 



dt = 
In In t v 

i.e. the formula (|1.5p holds true. 

I would like to thank Michal Dcmetrian for helping me with the electronic version 
of this work. 
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